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Th«  Mt  of  ara  transmitted  durinq  tne 

nth  time  unit  interval  are  those  generated  in  the  time 
interal  (y  ,y  efU  «t  ) ) .  t  x»  •  9*ven  function  (to 

b»  optimised  belowl  napping  {->  «  Bu(“'  1““*  ' 

with  ths  proparty  that  f(s.t)  <  t.  y0«»0  o 

initially  aqual  raapactivaly  to  o,.  and  m,  and  tha  y^  « 
a  'a  and  t  'a  (a  <_  t  >  ara  updated  by  tha  following 
"i.  t  •  F (a  .t  If  a  transnission  raaulta  in 


time  multiaccess  channel  is  considered 
of  a  transmission  is  either  "idle  , 
>n" .  depending  on  the  number  of 
tously.  Messages  involved 
:ransaitted.  An  efficient 
developed  for  the  case 
..ources  gererate  traffic  in  a 
all  observe  the  outcomes  of  the 
Its  rate  of  succe*s  is  .488. 
—  cases  where  the 
the  transmission  outcomes 


A  discrete 
where  the  outcome 
"success" ,  or  "col 
users  transmitting 
in  a  "collision"  avst  he  rei 
accass  allocation  policy  is 
where  infinitely  many  l 
Poisson  manner  and  can 
previous  transmissions 
Modifications  are  presented  for  the 
transmission  tunes  depend  on  —  ■ 

and  where  observations  ara  noisy. 


Ml  sources  can  observe  the  ci 
instantaneously  whather  it  is  idle 
a  collision  has  occured.  This  co« 
only  information  the  sources  share 
to  find  an  affective  way  of  using 
schedule  the  transmission  of  the  a 


2.  the  message  generation  times  in  lYjj  n'7* 
are  distributed  according  to  a  Poisson  procass  with 
rate  X,  and  are  independent  of  the  generation  times 

in  10. y  ♦t  > 
n  n 

3.  the  Mmqc  generation  tiosa  in  (Y^y,^*,^ 

ire  independent  of  the  ne.liae  generation  tines  in 
[O.y  )  »nd  [y  *t  ,-l  .  end  ere  distributed  according  to 

e  Poisson  process  with  rsts  \.  condltionsd  on  ths  fscts 
thst  thsre  srs  St  Issst  one  generation  tins  In 
ty  .ynt»n>  «*W  two  generation  tines  in  Iy#.yB**n'  • 

To  prows  those  siisrtions,  note  thst  they  srs 
true  initislly  (n-0)  end  rsnsin  true  ss  n  increases. 
Checking  then  ell  is  simple,  but  s  rigorous  proof  would 
teke  much  specs;  w.  will  only  sketch  ths  nsthod  cy 
....tin  one  csss.  Ostsils  csn  be  found  in  (10).  ex- 


Accession  For 

UTT3  G°\&I 
DTIC  TAB 
Unannounced 
Justification 


Assume  s  i  P  <  t  •  *nd  th*  transmission 
n  n  n 

results  in  a  collision.  Assertion  1  remains  true  as 

v  •  y  .  To  voiify  Assertion*  2  And  3,  not*  that 
2n+l  'n 

due  to  th*  Poisson  nature  of  th*  generation  process 
eh*  numbers  of  message  generations  in  (y  ,y  *r  )  and 

h  n  n 

(y  +P  ,  y  >c  )  at*  independent  ,  and  that  there  are 
n  n  n  n 

at  least  two  in  the  first  interval  implies  that  there 
are  at  least  two  in  the  union  of  the  two  intervals. 
Thus  the  new  feedback  information  that  there  are  at 

least  two  generation  times  in  (y  ,  y  +F  )  makes 

n  n  n 

obsolete  the  old  information  that  there  are  at  least 

two  in  (y  ,  y  +t  ) .  and  the  only  information  we  have 
n  n  n 

about  [y  **  ,  y  *t  )  is  the  knowledge  of  its  a  priori 
n  n  n  n 

statistics. 

Before  proceeding  with  the  next  section  which 
will  show  how  to  define  P(*#a)  so  as  to  maximise  the 
rat*  at  which  messages  are  successfully  transmittad, 
we  will  make  two  remarks. 

First,  in  its  fora  just  given,  the  algorithm  is 
not  causal,  in  the  sense  chat  it  sometimes  specifies 
that  messages  should  be  transmittad  before  having  been 
generated.  This  can  be  remedied  to  by  defining 

7  -  min  (F(s  ,t  ),  n-y  ].  However,  for  the  purpose 
n  non 

of  this  paper,  we  will  keep  the  original  form,  as  we 
are  only  interested  in  the  msxismm  rate  at  which  mes¬ 
sages  can  be  successfully  transmitted,  and  not  in 
real  time  propertias,  like  message  waiting  times  until 
successful  transmission. 


eccessibls  from  it.  Thus  the  computation  of  state 
probabilities  and  expected  value*,  with  a  given  degree 
of  precision,  is  a  straightforward  ntmerical  matter. 

we  will  nw  direct  our  attention  to  the  problem 
of  selecting  P<-,*)  to  maximise  the  long  term  rate  of 
success  (also  called  throughput),  l.e., 

I  N 

lim  —  Ef  1  r(i)],  where  r(l)  is  equal  to  one  if 

W*-  i.O 

the  ith  transmission  is  succsssful,  end  zero  otherwise. 

this  can  be  done  simply  by  discretizing  the  stats 
space  and  using  the  successive  approximation  method 
(Hi  of  solving  undiscounted  infinite  horizon  Markoviaz 
decision  theory  problems. 

The  details  of  tho  work  appoar  in  (101.  The 
following  conclusions  were  reached 


b)  the  optimal  F(s,t)  is  never  greeter  than  a,  so  that 
all  statas  (s,t)  with  s  *  t  or  t  ?  •  are  transient. 

c)  the  optimal  P  (",•>  is  1.26/1  so  that  all  states 
(a,t)  with  •  >  t  ^  s  >  1.26/1  are  transient. 

d)  the  optimal  F(s,s),  a  <_  1.26/1,  is  very  close  to 
s/2.  In  feet  the  throughput  of  the  algorithm  [9] 
using  F  («■,•)  -  1.26/1,  r<s,s)  •  s,  (*<•)  and  F's.*) 

*  s  (*<•)  is  .467.  This  last  algorithm  is  itself 
a  generalization  of  the  tree  algorithm  (121  which 
introduced  binary  splitting. 


Second,  this  algorithm  is  tho  most  general  algo¬ 
rithm  that  guarantees  that  massagss  are  transmitted  in 
ehe  order  they  were  generated  (a  desirable  fairness 
property) ,  although  it  is  far  from  being  the  most  gen¬ 
eral  access  algorithm. 

XXX.  Analysis  and  Optimization 

Tho  key  to  the  analysis  of  the  algorithm  is  to 

rsslizs  that  the  process  (s  ,t  )  is  Markovian,  as  the 
n  n 

probabilities  of  the  different  outcomes  of  the  (n«-l)th 

transmission  and  of  the  values  of  (»_  ,t  ,)  depend 

n+l  n+1 

only  on  sft  end  tR.  Thus  in  the  case  illustrated  in  the 

top  part  of  rigure  1,  the  value  of  (s  we  ,)  will  be 

n+1  n+1 

(tB«Pn,»)  in  case  of  success  (i.o. ,  with  probability 

Prtl  Poisson  arrival  in  (y  ,y  *T  > I  at  least  1  Poisson 
n  n  n 

arrival  in  (y  ,y  ♦*  >  and  at  least  2  in  (y  ,y  at  )J). 

nnn  n  on 

In  un  of  collision  th*  value  of  (s , e  i  would  b* 

nat  nai 

(a  ,r  ).  The  channel  cannot  remain  idle  in  this  ease 
n  n 

...  <  r  . 

n  *  n 

It  1.  straiqhtforward  but  t.dious  to  writ,  down 
th.  transition  probab iliti.*  for  .11  c*...,  H*  should 
netlco  tb.  peculiar  rol.  of  th.  (“,•)  lut*.  Physical¬ 
ly  it  cbrrs.pond.  to  .11  <jan*rst*d  bsfor.  yR 

havlnq  b..n  ,ucc... fully  truimittsd  ud  no  intonation 
wept  th.  s  priori  statiatic*  bain,  sv.il.bi.  about 
,.n. ration  tiasa  greater  than  y  .  That  itat.  is  .nctrtd 
*t  lu»  wary  tin.  two  consaeutiv*  transmissions  r.ault 
in  «  i4cc.il,  thus  it  is  rssehsbl.  from  sll  ethar  statas 

Hersovsr  if  ri','1  is  such  that  th. r.  is  s  positive 
lowsrbound  on  ths  probability  of  succsssful  transmission 
in  any  stst.  (s.t)  (this  is  always  tho  css.  for  tho 
,(*,•)'■  considered  baiow) ,  than  stats  (•,■)  it  povltiw 
recurrent  alorvj  with  only  countably  aany  other  statas 


Not.  hmw  that  mark  b)  ibov.  don.  not  hold 
for  finit.  horisoo  (finitn  N>  problwa,  whor.  tho  op- 
tinal  ,(».“)  *t  tin.  N  nay  bn  Uipt  than  .  for  »>) 
ud  •  baiow  mm  threshold,  and  hw  a  Ur,,  disconti¬ 
nuity  at  th.  threshold.  Th.  thrwhold  daersawd  with 
N,  becominq  wollw  than  th.  ,rid  six.  (.01/1)  for 
N  »_  S.  No  aiailw  bohawior  was  obwrvod  for  F(«,t), 
t  <  •,  probably  booauao  of  tho  nuMrical  opt  miration 
did  not  con. id. r  (transient)  statas  in  th.  raqion  wh.r. 
th.  ph.nCMnoo  would  occur. 

rv.  OnMual  ob.arr.tlon  Tinas 

In  fact  uny  niltiaccesa  comunscation  syatasis 
differ  fro*  th.  aed.1  introduced  in  section  l  in  that 
th.  tiM.  nKMiuy  to  l.am  th*  transuission  outcoa*. 
depend  on  th.  outccMS.  w*  denote  by  t  ,t,  and  t, 

o  1  2 

rwp.etiv.ly  th.  tin.,  necessary  to  learn  chat  th. 
channel  was  idle,  or  that  a  success  or  •  collision 
occur  ad. 

For  wanpl.  carrl.r  sen.,  radio  systwa  [;  ]  c« 
detect  idle,  quietly  (no  carrl.r  present) ,  while  th.y 
r.ly  on  error  detecting  codas  and  the  transmissions  of 
acknouladgeMnts  to  distinguish  botvoon  succws.s  and 
collision*,  thus  t#  «  t^  •  tj.  In  addition,  some 

cable  broadest  systwa  ( j  1  haw*  a  liston-whilo-trana- 
«it  f.atur*  that  allow,  th*  quick  abortion  of  trans¬ 
missions  resulting  in  collisions,  thus  t  *  t,  «  t, . 

0  2  1 

Ths  general  algorithm  outlined  in  .action  2  and 
th*  r marks  about  its  Narkovtan  nature  rauis  valid, 
but  th*  reward  function  r(.)  and  tho  suuUmii.tion  in 
section  m  era  not  appropriate,  a  better  m.. sure  of 
quality  is  to  ainlsUso  th*  axpactad  tin.  to  Bond  a  mas- 
•»W.  I.o. , 


lim  t 
h  — • 


N 

l 

1»1 


N 

l 

i-1 


e 


J 

I  t.  •  3) 

Jsi _ i _ 

rti) 


H 

l 

1*1 


N 

I 

1-1 


*o  !(a(l)  •  0)  +  X  (ffl(i) 


rti) 


2) 


where  »<i)  it  0,1,2  depending  on  th#  out  com  of  t he 
ith  transmission ,  and  X  ( ■ )  denotes  the  indicator 
function. 

Th*  limit  of  eh#  expected  velue  in  the  right  hend 
side  can  be  interpreted  as  the  expected  time  overheed 
per  nested*,  and  depends  only  on  t^/tj  for  e  given 

F  (•,«).  It  will  be  denoted  by  c  end  should  be  mini¬ 
mized  over  Ft*,*)  for  a  given  t  /t_. 

O  i 

The  optimization  of  the  generel  algorithm  under 
ehis  formulation  is  time  consuming.  It  is  greatly 
simplified  if  we  consider  only  those  F(*,»)  such  that 
F(s,e)  <  s.  The  only  recurrent  states  are  then  of  the 
fora  <s7a) ,  or  (s,->,  see  above.  Note  that  the  optimal 
F  found  in  section  III  belonged  to  the  restricted 
class.  We  will  now  show  how  to  proceed  with  the  opti¬ 
mization. 


By  a  renewal  argument 
b  t 

E  I  I(m(i)  •  0  ♦  X(m(i)  -  2) 


b 

E  l  rti) 
i-1 


where  in  the  right  hand  side  one  assumes  that  (s^tt^)  * 
(-,-) ,  and  b  is  the  time  of  first  return  et  (— ,*>  • 


Let  us  now  assume  that  w*  guess  a  value  c  for  the 
miniw  of  c  over  all  restricted  Ft*#*),  and  consider 
the  function 


v(s,e>- 


b  t 
E(  I  I-2 
i«l  *2 


0)  ♦  itali)  -  2)  -  S  r(l>> 


Because  *n^  is  aither  equal  to  •  or  is  less  than 

s  ,  V(e,s)  and  V{s,-)  can  be  written  ae  convex  comb  in  a- 
n 

tions  of  V(s',a')  and  V(s',«),  s*  <  oiin  (•  ,F  (•,«)) .  It 
is  straightforward  (10]  to  minimise  V(s,s)  and  V(s,m) 
recursively  for  increasing  s#  and  to  obtain  the  minimum 
value  of  V(-,-) . 


The  previous  "algorithm  assisted  that  the  trans¬ 
mission  outcomes  were  perfectly  observed  by  all 
sources.  This  assumption  is  critical.  Ons  verifies 
easily  that  if  an  idle  is  falsely  observed  as  a  col¬ 
lision  then  the  algorithm  win  deadlock,  i.e. ,  yn*t^ 

will  remain  constant,  while  th*  t  'a  will  decrease  to 
zero.  n 

0.  Ryter  (13 )  ha*  recently  examined  the  problem 
of  noisy  feedback,  where  the  noise  can  cause  idles  or 
successes  to  be  observed  as  collisions.  He  showed 
that  the  binary  splitting  algorithm  [  9)  outlined  in 
section  XXX  can  be  modified  to  work  properly.  The  es¬ 
sential  modification  is  the  introduction  of  a  thresh¬ 
old  value.  It  t  is  smsllsr  than  the  threshold,  then 
o 

the  algorithm  becomes  non  stationary,  in. the  sense 
that  if  alternates  between  using  F(s,s)  -  s  and 
F(s,a)  -  s/2,  thus  first  seeking  confirmation  that  a 
collision  really  occur ed,  then  trying  to  resolve  it. 
The  analysis  and  optimisation  are  too  long  to  be  re¬ 
ported  here.  The  main  result  is  that  with  the  proper 
choice  of  parameters,  the  throughput  behaves  roughly 
like  . 487-p ,  where  p  is  the  probability  of  false  col¬ 
lision  indication. 

VI.  final  Comments 

The  main  results  of  this  paper  are  the  description 
and  analysis  of  an  access  algorithm  for  the  channel 
model  described  in  section  1,  with  infinitely  many 
sources.  Its  throughput  is  .498,  th*  largest  known  to 
this  day.  Noll*  (14 1  has  recently  shown  that  no  algo¬ 
rithm  can  have  a  throughput  higher  than  .67,  and  it 
la  widely  believed  that  the  best  achievable  throughput 
is  in  th*  neighborhood  of  .5.  However,  throughputs 
arbitrarily  close  to  1  are  possible,  at  the  expense  of 
high  average  message  delay,  when  the  number  of  sources 
is  finite. 


Xf  the  minimum  value  is  0#  6  was  guessed  correct¬ 
ly  ana  is  the  minimum  value  of  o.  If  the  minimum  value 
of  V(  -.— )  is  positive  (negative),  $  was  guessed  too 
smell  (large),  and  the  minimisation  of  V(* )  must  be  re¬ 
peated  with  a  new  8. 

The  resulting  minimum  value  of  e  is  shown  in  Fig¬ 
ure  2,  as  a  function  of  t^/t^.  is  almost  equal  to 

the  expected  tine  overhead  per  message  for  the  algo¬ 
rithm  whore  the  value  of  t (s,s)  is  taken  as  s/2#  s  <•, 
the  value  of  F(s,-)  aa  s  •<•,  and  only  Ft-,-)  is 
optimised. 


Me  have  also  shown  how  the  algorithm  can  be  mod¬ 
ified  in  the  cases  of  variable  transmission  times  and 
noisy  feedback. 

Finally  it  should  be  pointed  out  that  although 
the  algorithm  presented  here  uses  the  message  genera¬ 
tion  times  to  specify  when  they  should  be  transmitted, 
this  is  not  necessary.  Another  algorithm  can  be  de¬ 
scribed,  with  the  same  throughput  and  expected  time 
overhead  par  message,  where  sources  generate  random 
numbers  to  determine  if  they  should  transmit .  Of 
course  real  time  properties,  like  first-genera ted-first- 
t ran malt ted  will  not  be  conserved. 
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